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Inspired by the extension of the Standard Model, we analyzed the effects of the spacetime anisotropies on a massive Dirac field
through a nonminimal CPT-odd coupling in the Dirac equation, where we proposed a possible scenario that characterizes the
breaking of the Lorentz symmetry which is governed by a background vector field and induces a Landau-type quantization. Then,
in order to generalize our system, we introduce a hard-wall potential and, for a particular case, we determine the energy levels in
this background. In addition, at the nonrelativistic limit of the system, we investigate the effects of the Lorentz symmetry violation

on thermodynamic aspects of the system.

1. Introduction

Recently, Kostelecky and Samuel [1] have shown that in the
context of string field theory, the Lorentz symmetry (LS) vio-
lation governed by tensor fields is natural when the perturba-
tive string vacuum is unstable. Carroll et al. [2], in the context
of electrodynamics, have investigated the theoretical and
observational consequences of the presence of a background
vector field in the modified Chern-Simons Lagrangean, that
is, in (3 + 1)-dimensions, which preserves the gauge symme-
try, but violates the Lorentz symmetry. One of the purposes
of these investigations is the extension of theories and models
which may involve the LS violation with the intention of
searching for the underlying physical theories that can answer
questions that the usual physics cannot. In this sense, the
Standard Model (SM) has been the target of these extensions
characterized by the LS violation which culminated in what
we know today as the Extended Standard Model (ESM) [3, 4].
In recent years, the LS violation has been extensively studied
in various branches of physics, for example, in magnetic
moment generation [5], in Rashba spin-orbit interaction [6],
in Maxwell-Chern-Simons vortices [7], on vortexlike
configurations [8], in Casimir effect [9, 10], in cosmological

constraints in electrodynamic [11, 12] and on an analogy of
the quantum hall conductivity [13].

In recent years, the LS violation has been applied in quantum
mechanics systems. In the nonrelativistic limit, for example,
there are studies in an Aharonov-Bohm-Casher system [14], in
quantum holonomies [15], in a Dirac neutral particle inside a
two-dimensional quantum ring [16], on a spin-orbit coupling
for a neutral particle [17] and in a system under the influence
of a Rashba-type coupling induced [18]. In the relativistic case,
there are studies on EPR correlations [19], in geometric
quantum phases [20], in the Landau-He-McKellar-Wilkens
quantization and bound states solutions for a Coulomb-like
potential [21], in a quantum scattering [22] and on a scalar field
[23-29]. One point that has not been dealt with in the literature
is the relativistic Landau-type quantization induced by the LS
violation under a Dirac field.

Recently, thermodynamic properties of quantum systems
have been investigated and, consequently, can be found in the
literature. Here, we can cite some examples of these studies,
for example, in diatomic molecule systems [30], in a neutral
particle system in the presence of topological defects in mag-
netic cosmic string background [31], in exponential-type
molecule potentials [32], on the a 2D charged particle confined
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by a magnetic and Aharonov-Bohm flux fields under the radial
scalar power potential [33], on the Dirac and Klein-Gordon
oscillators in the anti-de Sitter space [34], on the Klein-Gordon
oscillator in the frame work of generalized uncertainty prin-
ciple [35] and the on the harmonic oscillator in an environ-
ment with a pointlike defect [36].

In this paper, we investigate the effects of the LS violation
on a Dirac field, where the spacetime anisotropies are gov-
erned by the presence of a vector background field inserted in
the Dirac equation via nonminimal coupling that, for a pos-
sible scenery in this background characterized by a particular
electromagnetic field configuration, it is possible to induce a
relativistic analogue of the Landau quantization. Further, we
analyze the Dirac field under the influence of a hard-wall
potential in this LS violation background for a particular case.
In addition, inspired by Refs. [30-36], we investigate the ther-
modynamic properties of our more general system investi-
gated at low energies and analyze the LS violation effects on
some thermodynamic magnitudes.

The structure of this paper is as follows: in Section 2 we
introduce a LS violation background defined by a vector field
that governs the spacetime anisotropies, and thus, establish a
possible scenario of the LS violation that induces a relativistic
analogue of the Landau quantization; in Section 3 we inserted
into the system a hard-wall potential and, for a particular case,
we determined the relativistic energy levels in this LS violation
background; in Section 4, through the Landau-type non-rel-
ativistic energy levels, we investigated some thermodynamic
aspects under the effects of the LS violation; in Section 5 we
present our conclusions.

2. Landau-Type Quantization Induced by the
Lorentz Symmetry Violation

In this section, we investigated the influence of the spacetime
anisotropies under a Dirac field, where we obtain the relativ-
istic Landau-type energy levels induced by the LS violation
effects. Recently, in low energy scenarios, the Landau-type
quantization induced by the LS violation has been investigated
[37, 38]. These analyses are possible through couplings non-
minimal in wave equations [23, 38-40], where this procedure
carries the information that there are privileged directions in
the spacetime to which they characterize the LS violation.
From the mathematical point of view, this information is given
through the presence of constant background fields of vector
or tensor nature [41]. Then, based on Refs. [38, 40], consider
the non-minimum coupling defined by (withc = = k; = 1)
iy"d, — iy*9, — gy"F,,v", where g is coupling constant, y*
are Dirac matrices

o_[I O] .i_ O'Ui_ i i 0
y—[o —I]’ y—[_a, 0], Yy =B =ya, (1)

with p#y" + 9"y* = 21" and o' are the Pauli matrices, F LX) =
(1 /2)ewaﬁF *F(x) is dual electromagnetlc tensor, where
Fy=-F,=-EandF;=-F; =¢; . B%, and v* is background
vector ﬁeld that governs the LS violation. This nonminimal
coupling is inspired by the gauge sector of the SME [3, 4],

which is known as the nonminimal CPT-odd coupling, as it,
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in addition to breaking the Lorentz symmetry, also breaks the
CPT symmetry [38, 42]. In the way, the Dirac equation in any
orthogonal system with the nonminimal coupling is [38]

. 3
iy"D,¥Y + % R [Djln(%ﬂ‘l’ - gy'F, V'Y —-m¥ =,

j=0 J )
where D, = (1/ h( )E)ﬂ is the derivative of the corresponding
coordinate system and h )y is the parameter which corre-
sponds to the scale factors of this coordinate system. This
means that a new contribution to the Dirac equation can stem
from the coordinate system in an analogous way to the well-
known coupling between spinors and curvature discussed in
quantum field theory in curved space [43]. In this paper, we
are working with the Minkowski spacetime in cylindrical
coordinates

ds’ = —dt’ +dp’ + p’dg’ + dz’, 3)

then, the scale factors are hy = h; = h, = land h, = p. In this
way, Equation (2) is rewritten as follows

. o0¥ .1<a 1)
— —+— |¥
1y 8t+ly aP+2P +1

+iy’ — 0¥
0z

ya‘I’
p 0
+gvy ¥ -BY- gyo BY - gyoa)

(VXE )y -m¥ =o. (@)

Now, let us consider a LS violation possible scenario where
we have the background field and the presence of an electric
field given by

)

_) -~
E = —pp, (5)

v"—(Ov—az) 5

where a = const. and 9 is a parameter associated to the uni-
form volumetric distribution of electric charges. We can note
that the possible scenario of the LS violation background field
configuration given in Equation (5) induces an analogue to
the quantlzatlon of Landau [44], that is, we have a vector

potentlal A= ¥ x E which it gives a uniform “magnetic field”
B=VxA-= B,z = a9z. In addition, the electric field con-
figuration given in Equation (5) has been studied in Landau
levels induced by magnetic dipole moment [45], in Landau
levels induced by electric dipole moment [46-48] and in LS
violation possible scenarios [18, 24, 26]. In this way, the Dirac
equation (4) becomes

iyoa—\y + iyl(2 + i)‘I/+ Yoy + y3a—‘y - “ﬂspy ¥ —m?¥ = 0.
ot op 2p p 0 0z
(6)
Assuming stationary state solutions and that the linear mo-
mentum p, = —i(3/dz)and angular momentum J, = —i(9/d¢)
operators commute with the Hamiltonian operator, we have
the following solution

Y(p, ¢, 2,t) = o i€t i+ (1/2)p yikz [ v, (p) ] 7)

v_(p)
where [ =0,+1,42,43,... are the eigenvalues of angular
momentum and —co < k < co. In this way, by substituting
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Equation (7) into Equation (6) and considering the matrices
given in Equation (1), we obtain the two coupled equations below

d 1 1
(8—m)1//++i01<—+—)1// —7(l+ )0‘ —ka’y_ -~
dp  2p P v

0 v_=0
afd 1 1
(E+m)y_+io' (d—P + 5)1// - ;(l+ )o v, —koy, - —a v, =0.
(8)
By multiplying first equation by (€ + m) and using the second
equation we obtain

2 2
LI (I SRR AW 2
dp*  pdp 2 4 2 P
3
. Py, + [Ez—mz—k —ag9<l+ 1,z )]w+—0
©)

(ag9)”
An analogue equation can be found for y_. We can simplify
the differential equations for y, and y_, since the y is an eigen-
function of 6>, whose eigenvalues are s = +1. Thereby, we write
o’y, = +y, = sy,. Hence, we can represent the two differential
equations in a single radial differential equation:

a4 1d ag9)’
1/;5 + = 1//5 _ [ _(1 _ )] V/s ( g ) PZWS
dp®  pdp 4

+ [Ez—mz—k —a99(1+5(1+s)>]1//s=0. (10)

We proceed with a change of variables given by p = (ag9/2)p’,

and thus, we rewrite the Equation (10) in the form
ldy, P o’

dzl//s + s + =5 _ 1 =0 11
sz Q dQ 492 WS Q 1//s 41/15 - ( )

where we define the parameters

~K* - agd(1+ %(1 +9)|:
(12)

2 1 |: 2
= g —
% 2ag9
1 2
P = [1+5(1—s)] .

By imposing thaty, — Owheng — 0andp — 0o, we can
write v, in terms of an unknown function F(p) as follows:

y, = ol"”2e71122F(g), (13)

Then, by substituting Equation (13) into Equation (11),
we have the second order differential equation

dF lls| 1 2 _
Q (7-'.5_“5 F=0. (14)

Equation (14) is called in the literature as the confluent
hypergeometric equation and the function F(g)=,F,(a, b;0),
witha = (|I|/2) + (1/2) — & and b = |I| + 1, is the confluent
hypergeometric function [49]. It is well known that the con-
fluent hypergeometric series becomes a polynomial of degree
n by imposing that a = —n, where n =0, 1,2, 3, .... With this

condition, we obtain
+ l(l+ l(1 —s)) + (1;5)}
2\ 2 2

(15)

+(|l|

1 1
En =% \jm2 +K+ 2mw[n+ EII + 5(1 -s)

where w = ag9/m is the cyclotron frequency. Equation (15)
represents the energy levels of the system of a Dirac field in
an anisotropic spacetime, where the anisotropies are governed
by a background vector field present in a field configuration
which provides a relativistic analogue to Landau quantization.
We can note that the effects of the LS violation influence the
energy profile of the system through the cyclotron frequency
which is defined in terms of the parameters associated with
the Lorentz symmetry violation, g, a, and 9. We can note that
by taking g — 0 we recover energy of a free Dirac field in the
Minkowski spacetime.

2.1. Nonrelativistic Limit. To analyze the nonrelativistic limit
of the energy levels, we can write Equation (15) in the form

2

1/2
kK 2 1+
€k,,,n=m[l+—2+—w<n+t+75>] ,  (16)

m m

where 1 = (1/2)(|] +I,). Then, by using the approximation
(1+x)" = 1+xx in Equation (16) and making ¢, = &, - m,
where g ;,, < m, we obtain the expression

g 1 1+s
30-9)+ 57

(17)
which represents the Landau-type energy levels of a Dirac
particle at low energies in a LS violation possible scenario.
We can see that the energy profile of the system is influenced
by the LS violation through the cyclotron frequency which
is defined in terms of the parameters associated with the LS
violation background, a, g, and 9. For the particular case
where k = 0 we recover the result obtained in the [38]. In
addition, by making g — 0 implies in w — 0, where we
obtain free energy of a Dirac particle in an isotropic
environment.

+w[n+ l‘l+l(1 —s)|+l(l+
2 2 2

&pq= —
kJn m

3. Effects of a Hard-Wall Potential

In this section, we confine the system described in the previous
section to a region where the hard-wall potential is present.
This confining potential is characterized by the following
boundary condition:

v(p) =0, (18)

which means that the radial wave function vanishes at a
fixed radius p,. The hard-wall potential has been studied in
noninertial effects [50-53], in relativistic scalar particle
systems in a spacetime with a spacelike dislocation [54], in
a geometric approach to confining a Dirac neutral particle
in analogous way to a quantum dot [55], in a
Landau-Aharonov-Casher system [56] and on a harmonic
oscillator in an elastic medium with a spiral dislocation [57].
Then, let us consider the particular case which & > 1, while
the p, and the parameter of the confluent hypergeometric
function b are fixed and that the parameter of the confluent
hypergeometric function a to be large. In the way, a conflu-
ent hypergeometric function can be written in the form
[54, 58, 59]:



o bn
F,(a,b,0,) cos< \20,(b - 2a) oy 7) (19)

By substituting Equations (13) and (19) into Equation
(18), we obtain

2 2
=t m2+k2+mw[l+l(l—s)+s]+ﬂ7[n+1‘l+l(l—s)‘+§] ,
5 2 P S 4

(20)

withn = 0,1, 2,.. .. Equation (20) represents the energy levels
of a Dirac field subject to the effects of a Landau-type quanti-
zation induced by the LS violation effects and under the effects
of a hard-wall potential. By comparing Equations (15) and
(20), we can note that the presence of the hard-wall potential
in the system modifies the relativistic energy levels. This mod-
ification can be seen through the degenrescence that is broken
and the main quantum number that now has a quadratic char-
acter in contrast to the previous section. In addition, by taking
g — 0we obtain the energy spectrum of a Dirac field subject
to a hard-wall confining potential in the Minkowski
spacetime.

3.1. Nonrelativistic Limit. In this section, we are interested
in obtaining the nonrelativistic energy levels of a Dirac field
subject to the Landau-type quantization induced by the LS
violation effects and the hard-wall potential given in Equation
(18). In this sense, we can write Equation (20) as follows

gk,l,n

372
+2].
4

21)

2 2
=m 1+k—2+8[l+1(175)+s]+ Zz[n+lll+l(lfs)
m-m 2 m'p, 212

Then, by following the same steps from Equation (16) to
Equation (17), we have
3 2
+ Z:| .

(22)
Equation (22) represents the nonrelativistic energy levels
of a Dirac particle under the effects of a Landau-type quanti-
zation and confined in a region where a hard-wall potential is
present. Note that the energy profile of the system at low ener-
gies is influenced by the LS violation and the hard-wall poten-
tial by the presence of the parameters a, g, 9, and p,, respectively.
In addition, in contrast to Equation (17), the main quantum
number of the energy spectrum given in Equation (22) has
quadratic character. In addition, the degeneracy is broken.
These latter two effects are caused by the presence of the hard-
wall potential. We can observe that by making g — 0 into
Equation (22) we obtain the energy spectrum of a Dirac par-
ticle under confining effects of a hard-wall potential.

2

s 1 1
pg [H+ E’l‘l’ 5(1 —S)

K w 1
sk,l,n:%-'—g Z+E(1—S)+S +

4. Thermodynamic Properties

In order to obtain the thermodynamic magnitudes of a Dirac
particle in a LS violation background, we converged, first, to
define the partition function from the Landau-type energy
levels given in Equation (17) considering the quantum
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numbers /, k, and s fixed. Then, from now on, let us consider
N Dirac particles in a LS violation background with energy
given in Equation (17), localized and noninteracting, but now
in contact with a thermal reservoir at the finite temperature
T. The microscopic states of this system are characterized by
the set of principal quantum numbers {n, n,,n,, ..., 1y} [60].
Therefore, given a microscopic state 1, the energy of that state
can be written in the form

N 1)
e fn} = (n+ % o @)

2
é =k—+ll+l(1—s)
mw 2

1
+<l+ 5(1 —s)>+1+s. (24)
Therefore, the canonical partition function is given by [31, 60]

Z = Z eiﬁa") = Z e_z}\il (n1'+(65/2))ﬁw,
"

151, 1551y
-1 . . .

where =T Since there are no terms of interaction, the

multiple sum is factorized, source damage to a very simple

expression, that is,

(25)

00 N
7 = —(n+(8,/2))ﬁw _ ZN,
[Z ) 1 (26)
where
. o0l
n+(8 /2) ’
Z 1 —e P’ (27)

is the partition function of a single Dirac particle with energy
levels given in Equation (17).

With the partition function (27) in hand, we can deter-
mine thermodynamic quantities. We start with the free energy
of Helmhotz by particle, which is given by the expression [60]

1
f= _E Alflm —ln Z= _El Z;
2
f= k— +w[ ‘l+ (1 —s)‘ <l+ -1 —s)) + T] +TIn(1-e™"). (28)

From Equation (28), we can calculate all the thermody-
namic properties of the system. In particular, entropy by par-
ticle s(T') as a function of temperature

df —w/T w e—w/T
Sz—d—T:—ln(l—e )+? W > (29)

which we can obtain the specific heat

ds w\® e
-7 (%) (1o ey (30)

—w/T

In addition, we can also calculate the intern energy by
particle u(T') as a function of temperature
__14d __d )
u= Ndﬂl nzZ-= d—'Bln Zl’ (31)
u= %+w 5|l+5(1—s)|+(l+%(1—s))+%] +ﬁ.

We note that the thermodynamic quantities calculated and
defined in Equations (28)-(31) are influenced by the LS vio-
lation. This influence is due to the presence of the cyclotron
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frequency in the definition of the partition function (27)
which, in turn, gives us the free energy of Helmhotz by particle
(28) from which we can describe the thermodynamic prop-
erties of the system, since the cyclotron frequency w is defined
in terms of parameters associated with the LS violation in a
possible low energy scenario, a, g, and 9.

5. Conclusion

We have analyzed a Dirac field in an anisotropic spacetime
where there is the presence of a background vector field that
governs the LS violation. Then, for our analysis, we have cho-
sen a particular case which characterizes a possible scenario
of LS violation that induces a relativistic Landau-type quanti-
zation, and then, with this information coming from this back-
ground, we calculate the relativistic Landau-type energy levels
of a Dirac field in this possible scenario. In addition, we con-
fine the Dirac field in a region where a hard-wall potential is
present and, for a particular case, we define the relativistic
energy profile of the system, which is modified due to the
presence of the hard-wall potential and, consequently, the
degeneracy is broken. In both cases, we calculated the energy
levels in the low energy limit, where it is possible to notice that
there are influences of the LS violation on the energy profiles
of the analyzed systems.

With the Landau-type energy levels in a possible scenario
of LS violation at low energies, through the partition function
and, consequently, of the free energy of Helmholtz by particle,
we can calculate thermodynamic quantities of this system,
which are influenced by the LS violation background. This
influence is due to the dependence of the thermodynamic
quantities of the cyclotron frequency, which in turn is defined
in terms of parameters associated with the LS violation.
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